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Data Distribution
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Data Distribution

Dog — P(Dog) Cat — P(Cat)

W

1. There is no concrete image/shape of the dog, everyone can come up with one of your own choice

2. But somehow dog and cat image distributions are different

1.0

LI T AL R
[=0, 0%=02,—

' =0, 0?=1.0 ——
08| U=0, 0?=50, =—— |
H=-2, 0?=05, — |

When you draw an image, you are actually 3
sampling from a probability distribution! =
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Data Distribution

1D Gaussian Distribution 2D Gaussian Distribution

(x)d

R256%256 R256%256
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Estimating Data Distribution and Sampling from it

1 Estimate Data Distribution

2D Gaussian: True Data Distribution

Samples

Sampling ﬁ.Om it
7 "
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Outline

e Foundation of Gen-ML

* Distribution
* Estimation and Sampling

* 1 Dimension Gaussian Generation
* Gaussian Distribution
* Likelihood Function
*  Maximum Likelihood Optimization (Theoretical/Computational Solution)

* Gaussian Kernal Density Estimation
* Parametric vs Nonparametric Distribution
* Dirac to Gaussian
*  Maximum Likelihood Optimization on Gaussian KDE
* Leave-one-out Estimation on Gaussian KDE

* 2D Dimension Gaussian Generation
* PDF and Sampling
 Maximum Likelihood Optimization
* Application to Digit Image Generation
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1D Gaussian Estimation

Using existing function to estimate what you do not know that can best fit your observation

0.401 Estimate what you do not know — p( i, 0)
0.35{ Unobserved == Pd
X Xn ~ Pa

0304/ Generative
Distribution ’N
0.23 1

0.20

0.15 Observed 4 Parametric
0.10 - Samples what you know
0.05

0.00

-100 -75 =50 =25 0.0 2.5 5.0 7.5  10.0
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1D Gaussian Estimation

Using existing function to estimate what you do not know that can best fit your observation

{oxi|x; ~ Pd}liv=1

0.40
0.35 Unobserved
1 _x=p)? 030! Generative
p(x;u,6) = N(x; u,0) = e 20° 055 | Distribution
2mo? '
0.20
1 0.15 Observed

. Samples
Whatis u,o ? . \

0.05
-100 -75 -50 -25 00 25 50 75  10.0

— p(; 1, 0)
Pad
X Xn ~ Pa

<+— Parametric

0.00

1- Maximum Likelihood:

N
argmax p(Xxq, ..., Xy; 4, 0) = 1_[ p(xy; U, 0)
i n=1
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1D Gaussian Estimation

import torch
import numpy as np

x = torch.tensor(data, dtype=torch.float32)

mu = torch.tensor(@8.8, requires_grad= )
log_sigma = torch.tensor(@.8, reguires_grad= )
optimizer = torch.optim.Adam([mu, log_sigmal, lr=8.85)
300

3e
[

n_epochs
record_every
history

r epoch in range(n_epochs):
sigma = torch.exp(log_sigma)
nlt = (
8.5 * torch.leg(2 * torch.tensor(np.pi))
+ log_sigma
+ 0.5 * ((x — mu) %k 2 / sigma %% 2).mean()
)
optimizer.zero_grad()
nll.backward()
optimizer.step()

it epoch % record_every == @ epoch == n_epochs - 1:
history.append((epoch, mu.item(), torch.exp(log_sigma).item

print(f"{'Epoch’ Fo{'p (mu)' I {'B (sigma) ' Po{'mee’
print(“-" *x 44)
for epoch, mu_val, sigma_wal, nll_wval in history:

print(f"{epoch F Amu_val } {sigma_wal F {nll_wval

print{f"\nLearned
print(f"True

{history[-1][1

[ = {history[-1]12
H = 1.0000")

KIND
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, nll.item

)

g (mu) o (sigma) NLL

) @.a580 1.8513 5.7287
38 1.1211 2.4646 2.1749
(] l1.6300 2.1697 1.9816
] 2.195%9 1.5625 1.6727

128 2.8080 1.8914 1.3831
158 2.9932 8.9118 1.3460
188 2.9524 8.9273 1.3450
218 2.9685 f.9297 1.3449
248 2.9590 f.9284 1.3449
270 2.9593 f.9287 1.3449
299 2.9592 f.9287 1.3449

= B.9287
1.0800

Learned p =
True =

2.9592,
3.0000,

a
a

Gradient Descent — Epoch 0 NLL=5.73

== True N(3, 1)
= Epoch 0: p=0.050, 0=1.051




1D Gaussian Estimation

import torch L

X2d = torch.tensor{data_2d, dtypestorch.float32) P [8.85 @.85]

48 [1.344 8.587]
mu2d = torch.tensor([8.@, @.8], requires_grad= 123 {;':;? 2'3§§}
168 [2.817 1. |
L_diag = torch.tensor{[@.8, 8.8], requires_grad= 208 [2.019 1.801]
L_off torch.tenser([@.8], requires_grad= 248 [2.819 1

288 [2.819 1
build L(): 328 [2.919 1
""“peconstruct lower-triangular Cholesky factor.™"" 368 [2.819 1
L = torch.zeros(2, 2) 399 [2.019 1
L[@, 8] = torch.exp{lL_diag[®]}
Liv, 11 = tarch.exp(l_dizg[1]) Learned p = [2.819 1.801]
L[1, 8] = L_off[@]
i L True p=[2. 1.]
return

.081]
.a81]
.081]
.081]
.081]

Pud Fud Fod Pud Pod Pud Pl Bd Bl Pd LA

Learned I =
[[1.442 @.766]
n_epochs2d 480 [@.766 8.938]]
record_every2d = 4@ True =
history2d [1 [[1.5 @.8]

(8.8 1. ]]

optimizer2d = torch.optim.Adam( [mu2d, L_diag, L _off], lr=3.@5)

for epoch in range(n_epochs2d):
L = build_L(}
Sig = L @ L.t(} Epoch 0 NLL=5.566
Sig_inv = torch.linalg.inv(Sig) @ leamed u=[0.05 0.05]
log_det = 2 * L_diag.sum() 4] ¥ Tuep=2.1

diff = X2d - mu2d
mahal = (diff @ Sig_inv * diff).sum(dim=1}
nll2d = 8.5 * (2 * torch.log(torch.tensor(2 * torch.pi)) + log_det + mahal).mean()

optimizer?d.zero_grad()
nl12d.backward()
optimizer2d.step()

if epoch % record_every2d == epoch = n_epochs2d - 1:
history2d.append( (
epoch,
mu2d. detach( | .numpy( ) .copyl),
Sig.detach{).numpy! .copyl],
nll2d. item

KIND
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Problem with only using 1D 1 Gaussian

0.40
— p(:,0) 4 Unobser-ved
0.35 Unobserved — D Generative
0.30 Generative X Xn~Pg 2 Distribution \
Distribution %
0.25 \ ’ Xy x
X% %
020 3 b x 7 x x”[‘x :;u X -
0.15 Observed Parametric * ,;’;x x;?{'(‘x" X
0.10 Samples -2 X R K Pd
0.05 \ A Skes X Xn~Pa
' -» - e — pCip.3)
0.00 . " . ' ; Y .
-100 -75 -50 -25 00 25 50 75 10.0 -100 -75 -50 -25 0.0 2.5 5.0 7.5 10.0
0.007
05 1
0.006
04 1
0.005
03 1 § 0.004
g
0.2 4 > 0.003
]
0.1 - \; 0.002
\ 0.001
00 4 ——i—)--‘:'ﬁ-—-
-100 -75 -50 -25 00 25 50 75 100 0 s o s 1 15 0.000
X values

If using one existing function to estimate is not enough, then let’s try more!

KIND
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Outline

e Foundation of Gen-ML

* Distribution
* Estimation and Sampling

1 Dimension Gaussian Generation
* Gaussian Distribution
* Likelihood Function
*  Maximum Likelihood Optimization (Theoretical/Computational Solution)

* Gaussian Kernal Density Estimation
* Parametric vs Nonparametric Distribution
* Dirac to Gaussian
e Maximum Likelihood Optimization on Gaussian KDE
* Leave-one-out Estimation on Gaussian KDE

* Gaussian Mixture Model (GMM)
* PDF and Format
e Sampling from GMM
* Gradient Descent and E-M Algorithm

KIND
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Gaussian KDE

&

@ Raw data <1 - - : A 1%
{M observations on the number line) pix) _;,\,—g.ﬁix %] — Dirac spikes at each point plx) —_-;Iz-"--':x | xi. h)
0.5 0.5 1 '- 0.5 — KDE (h=0.4]
£ na 0.4 4 0.4
E 0.3 031 0.3
E 0.2 0.2 1 0.2 1
E 0l 0.14 0.1 -
oo - H—e —00-00 n.um m 0.0 -
-2 -1 0 1 : -2 -1 i 1 2 - -2 0 2 H
N
1 LN
Ll
Pempjrical{if) — N E :5(1: - l'i) Blz) = N ZN(W | @i, h)
i=1 =l

KIND

x=x;,0=1
x #x;,0=0

Limit Kernel shape

KDE result

h—0 | Nz |zi,h)— d(z—z;)

Recovers the spiky empirical distribution

h — oo

Kernel flattens to near-zero everywhere

Density smears out, all structure lost
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Gaussian KDE — Maximum Likelihood

Naive #(h) keeps rising as h—» 0 — no finite optimum! "Optimal” h from naive MLE — degenerate spikes
—400 4 Data
! === argmax h= 0032 0.5 4 = Naive best h=0.03 (spikes’)
1 —— Sensible h=050
-5004 |
1 0.4 4
H
E 6004 1
= : 03
2 !
m
= —-700 : 0.2 4
1
H
=800 : 0.1
1
1
1 . T 0.0 T . T ? v
10-1 100 -6 -4 -2 ] 2 4 6
h (log scale) *
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Gaussian KDE — Parametric vs Non-parametric

Parametric

Non-parametric

Make no assumption about the shape of

Core idea Assume a fixed functional form for p(z) p(z)

Parameters Fixed, finite number (e.g. i, o) Grows with the data (e.g. IV kernels in
KDE)

Fitting MLE, gradient descent Data-driven rules (e.g. Silverman's rule)

Risk Wrong if assumed shape doesn't match reality Needs more data; harder to interpret

Conventional
examples

Gaussian, GMM, Linear Regression, Logistic
Regression, Neural Networks

KDE, k-NN, Empirical Distribution

In Generative Al

VAE, GAN, Diffusion models

KDE — the simplest non-parametric
generative model

KIND

Parametric vs Non-Parametric
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Gaussian Mixture Models - PDF

Farcing a Single Gaussian Mixture of Gaussians — Much Better
0.35 0.35
Data Data
— ) = il or2 couesons e
0,25 4 0.25 4 Component 2
0.20 - 0.20 -
0.15 1 0.15 1
0.10 0.10
0.05 - 0.05
0.00 -— . . : . : . 0.00 ; ; . .
-6 —4 -2 o 2 4 ] -6 -4 -2 o 2 4 6
K
p(x) =Y m N(z | pk, o)
k=1
Symbol | Name Meaning
y, mixing weight How often this component is chosen. Must satisfy m;, > 0 and Ek m, = 1.
M mean Where the k-th Gaussian is centered.
o, standard deviation | How wide the k-th Gaussian is.

KIND
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Gaussian Mixture Models — Sampling/Generation

K
P(I)ZE me N(z | pr, ok) Y Tk =1
k=1
Symbol | Name Meaning
T, mixing weight How often this component is chosen. Must satisfy m;, > 0 and Ek m, = 1.
Jise mean Where the k-th Gaussian is centered.
O standard deviation | How wide the k-th Gaussian is.

Because the GMM has a clean generative story, sampling is easy:

1. Draw a component index z € {1,..., K} with probabilities [my, ..., 7Txk].
2.Drawz ~ N (p,,0.).

KIND
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Gaussian Mixture Models — Sampling/Generation

K

p() =) m N(z | px, 0n)

k=1

Because the GMM has a clean generative story, sampling is easy:

1. Draw a component index z € {1,..., K} with probabilities [my, ..., 7Txk].
2.Drawz ~ N (p,,0.).

Samples colored by TRUE component (hidden in practice)

Component 1
Component 2
Component 3

np. random. seed (@)

# True GMM parameters

pis_true = np.array([8.3, @.5, @.2])
mus_true = np.array([-4.8, 0.5, 4.e1)
sigmas_true = np.array([0.8, 1.5, @.6])
K = len(pis_true)

N = 500

# Step 1: draw component labelsl
z = np.random.choice(K, size=N, p=pis_true) # shape (N,)

# Step 2: draw samples from assigned components . 38 o 5 “ ‘ -
x_samples = np.array( [np.random.normal{mus_true(zil, sigmas_truelzil) for zi in z1) . x foe

x_plot = np.linspace(-8, 8, 408)
mixture_pdf = sum{pi * norm.pdf(x_plot, mu, sigma) _8
for pi, mu, sigma in zip(pis_true, mus_true, sigmas_true))

fig, axes = plt.subplots(1l, 2, figsize=(14, 4))
What We Actually Observe (no labels)

# Left: colored by true component (normally hidden!)
for k in range(K): 0.200 Observed data
axes [0].scatter(x_samples(z == kI, np.zeros(np.sum{(z == K)) + np.random.uniform(-8.05, ©.85, np.sum(z == k)}, —— True mixture PDF

alpha=08.4, s=15, color=colors[kl, label=f'Component {k+1}') 0.175
axes[8].plot(x_plot, mixture pdf, 'k-', lw=2)
axes[8].set_yticks([]) 0.150
axes[@].set_title('Samples colored by TRUE component (hidden in practice)')
axes[8].legend() 0.125 4
# Right: what we actually observe - unlabeled 0.100 4
axes[1]l.hist(x_samples, bins=4@8, density=True, alpha=0.5, color='gray', label='0Observed data')
axes[1].plot(x_plot, mixture_pdf, 'k-', lw=2, label='True mixture PDF') 0.075 4
axes[1].set_title('What We Actually Observe (no labels)'}
axes[1].legend() 0.050 -
plt.tight_layout() 0.025
plt.show()

0.000 T T T T T T u

print{f'Samples per component (true): {[{z==k).sum({) for k in range(K)]}') -8 -6 -4 -2 o 2 4 6

KIND
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Gaussian Mixture Models — Estimation

guesses = {
'Bad guessi\n(wrong centers, equal weights)': {
'pis': [1/3, 1/3, 1/3],
'mus ' [-2.8, 0.0, 2.0],
'sigmas': [1.8, 1.8, 1.8],

N K
]'ngﬁ{ﬂ: [ D') = Z lﬂg Zﬂ-k N{:ﬂ: | #k:ﬂ'j;]' Y color': ‘tomato’,
i=1 k=1

'Good guessin(clese to truth)': {

'pis': pis_t rue,|
'mus ' : mus_true,
'sigmas': sigmas_true,
'color': ‘'seagreen',
k.
b
Same data, different parameter guesses = very different log-likelihoods
Bad guess Good guess
(wrong centers, equal weights) (close to truth)
Log-likelihood = -1571.2 Log-likelihood = -1166.4

Data Data

— Mixture plx) — Mixture plx)

Bad guess LL: -1571.23
Good guess LL: -1166.43
Higher log-likelihood = better fit.

KIND
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Estimating GMM using Maximum Likelihood with Gradient descent

N K
= — X : , gt .
L(m, p,0) Z log Z me N(zi | px, o) T = —  (softmax of free logits a),
i=1 k=1 j€
L. o -
plz;)
Symbol | Name Meaning
T, mixing weight How often this component is chosen. Must satisfy 7;, > 0 and Ek m, = 1.
Jise mean Where the k-th Gaussian is centered.
O, standard deviation | How wide the k-th Gaussian is.

KIND

We can use gradient descent
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Estimating GMM using Maximum Likelihood with Gradient descent

N K
L(m,p, o) = — Zlﬂg Zﬂﬁ N (zi | p, on) T = e (softmax of free logits a),
i=1 k=1

Zj‘ e

" P i
plz;)

Symbol | Name Meaning

T}, mixing weight How often this component is chosen. Must satisfy ;. > 0 and Ek m, = 1.

Iss mean Where the k-th Gaussian is centered.

T standard deviation | How wide the k-th Gaussian is.

X_torch = torch.tensor(x_samples, dtype=torch.float32)
K=3

def gmm_nll_torch(x, pi_logits, mus, log_sigmas):
"""“Negative log-likelihood of a GMM (PyTorch, differentiable)."""
pis = F.softmax(pi_logits, dim=@)
sigmas = torch.exp({log_sigmas)
log_components = (
torch. log(pis) [None, :]
= log_sigmas [None, :1
- 8.5 % np.log(2 * np.pi)
- 8.5 * ((x[:, None]l - mus[None, :1) / sigmas([None, :1) ek 2
)

return —torch.logsumexp(log_components, dim=1).sum()

def run_adam(seed, n_iters=58@8, 1r=0.85):
torch.manual_seed(seed)
pi_logits = torch.randn(K, requires_grad=True)
mus_t = torch.randn(K, requires_grad=True)
log_sigmas = torch.zeros(K, requires_grad=True)
opt = torch.optim.Adam([pi_logits, mus_t, log_sigmas]l, lr=Llr)
for _ in range(n_iters):
opt.zero_grad()
gnm_n11_torch{x_torch, pi_logits, mus_t, log_sigmas).backward()
opt.step(}
with terch.no_grad():
return (F.softmax(pi_logits, dim=@).numpy().copy(),
mus_t.numpy().copy(),
torch.exp(log_sigmas).numpy().copy(},
gmm_nll_torch(x_terch, pi_logits, mus_t, log_sigmas).item())

KIND

Final NLL (lower = better)

Adam converges to DIFFERENT local minima depending on initialisation

1200 - " MO - " e e i BN T W B e e BB T

1000 +

800 A

600 -

400 +

2004 —=-- Best NLL=1161.4
=== Worst NLL=1218.5

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5
Random seed
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Estimating GMM using Maximum Likelihood — Theoretical Sol?

Gaussian Kernel Density Estimation

{xilx; ~ Pa}ily

0.40
— p(;u,0)
0.35 Unobserved Py
. _ . _ 1 _(x—.lé)z 0.30{ Generative X X~ Pa
p(x, H, O') N(x, U, (J') 5 e 2o . Distribution
eno 0.20
1 0.15 Observed Parametric
0.10 Samples
i ?
Whatis u,o - 005 \
0.00
-100 -75 -50 -25 00 25 50 75 100
3- Minimizing Negative Log-Likelihood: 4 N
dL 1
TR
N n
o log(2ma?) | (o — p)? J N &
argmin
2 202 oL 1
mwo o *)2
n=1 — =00 =— (X — u*)
N . do N
L N n=1

KIND
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Estimating GMM using Maximum Likelihood — Theoretical Sol?

1D Gaussian 1D GMM

3 plx;i | 6) e Nz | e, ok
bs,0) = log [[ N (z: | ,0) zmg.m | 10) | 6) Z | ke, o)
i=1

9 ; N i
=Y [— logo — 1log2m — [mfz;zp} ] : 4(0) = Zlng [Z e N (@i | ﬂk}ﬂ'k]]
;- : i=1  Lk=1 |

-

sum inside the log

=0

N
Z ?T.r:-""-'r Hk:ﬂ'k} rmi_ﬁk
2

ﬂm S N@ | poy) o

KIND
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Estimating GMM using Maximum Likelihood — Theoretical Sol?

1D Gaussian 1D GMM

N t E #
£(p, o) =1ﬂgHN'[m,;|p, o ZngN 0| o) plzi | 6) Zmﬁf Ti | pk, o)
i=1

N

— Z {— logo — 3 log 2m — [xig;zp}zl Zlﬂg [Z me N (s | g o ]

i=1 . i=1

-

sum inside the log

Different parameters they are coupled together

4 . )
JZ ?TkN i| My Ok) R .

=0

Z ‘IT_I. mﬂ- | P}':ﬂ-j] Jﬁ

g J

KIND
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Estimating GMM using Maximum Likelihood — Theoretical Sol?

1
plz: | 0) = Zmﬁf Ti | pk, Ok) 3:'152{[}

EmmplLLr:

Zlﬂg [Z e Nz | e, ﬂ',i;]]

i=1 1

-

sum inside the log

Ehu:-::-|.'ur.|-lr:~r.ur: [:'H}
k=1

L.

i=1 k=1 i=1
L.

i K N
Z(Z :.i:) ]-Ggﬂ-k'kzzz;k[ lﬂgﬂ'k—%lﬂgzﬂ—

if point ¢ was generated by component &

otherwise

N
Z Z z,,k[lng i + log N'(z: | s, D'.i:]]

i=1 k=1

log is now [N SI.DI: — easyl

(z; — #L—]E
207

-

depends -uulg.r on w

depends only on pg, op —

T

independent across k

Once we introduce z, different parameters are decoupled

KIND
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Estimating GMM using Maximum Likelihood — Theoretical Sol?

K N

2
o 1 (z; — pir)
fmmplet.e{ﬁ.} - E , E I,z:.ilz log . + E E I,z;k [_ log oy, — 7 log 2w — 952
k=1 \i=1 k=1 i=1 k
" o y >
depends only on depends only on pg, 5 — independent across k
Once we introduce z, different parameters are decoupled
Soft Assignments (responsibilities) Hard Assignment (argmax of responsibilities)
101 mmm component1 o ®. 4 o * . . Pg %
W Component 2 .- _‘ Aoy k H
0 | ™™ Component 3 q"1:$° iy A et ..: o o, b0%°
A - . s o Je . ‘e . : 'o: ':“"'" $ °
r e *qR % o . von .i- a8 N *
5 06 Component1 © , . S tw et 0 . '
@ + Component2.s | e : ."‘ Fe®® "% . &
§ + Component3 % & . ..,'-' ® et -". e g o8 8 »®
20,4 . t‘-'t .J'..-‘ :'.;-:,o-. N
.“'- g . [ ] i " L . LI .ﬂ: o -
0.2 . =2 "-. * » i t.':' :.:,. . ?.::
'Y of * .:.. :- 3 “ ‘e e N
0.0 . ' | . .
0 100 200 300 400 500 -6 -4 -2 0 2 a4

Data point index (sorted by x value)

KIND
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Estimating GMM using Maximum Likelihood — EM Algorithm

- Step

p(z; | 9) Zmﬁf z; | pk, o) Zik

~J 1 if point ¢ was generated by component k
|0 otherwise

A
N
Zlﬂg [Z ﬂk"mr m" | Hok 5 Jk]] EmmplLLr: Z Zzak[lﬂg me + lﬂgﬁf[m | ko 'U'.i:}]

i=1 1 i=1 k=1

log is now [N SI.DI: — easyl

-

sum inside the log

z;.: how much contribution does k' gaussian represent to i*" data?

Id ld
N (e | i, 08
14 1 Ir“I.ii - K
rie = Elzip | i, 0" = Plzix = 1| x4,0°°) 1d 1d 1d
0 i 0
E wr SNz | pse, o)
j=1

KIND
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Estimating GMM using Maximum Likelihood — EM Algorithm

M - Step
N K N K
Leomplete (8 Z Z Zik, log my + log N (z; | py, 00)] — Z Z Tk, log mi + log N'(; | pag, o)
=1 =1 enown =1 k=1 ypown

z;.: how much contribution does k'" gaussian represent to it" data?

5a — Update 7}, Y mo=1,m >0 %[mm_ (Zﬂk_]l)] T A=0 = m="F
k

Ekﬂk:l:}‘l:Zka:N' N

KIND
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Estimating GMM using Maximum Likelihood — EM Algorithm

M - Step
N K N K
Leomplete (8 Z Z Zik, log my + log N (z; | py, 00)] — Z Z Tk, log mi + log N'(; | pag, o)
=1 =1 enown =1 k=1 ypown

z;.: how much contribution does k'" gaussian represent to it" data?

5b — Update L, N N
an log N'(z; | p, ok) 207 Zr 2 + const
5¢c — Update oy, =l =t
1 N 1N
— Y rilzi —pp) =0 = rikei = N Tk, 2 newy2 _ )
U.E i=1 z T ﬂ.li._:. ; ri {: p’k ]
N N
Z ik T z?‘ﬂc( ™)
new __ & 1 am“, _ i=1
Iu.k NJ.; k NF:
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Estimating GMM using Maximum Likelihood — EM Algorithm

initialise n, 4, © randomly # — Gaussian PDF (manual, no scipy wrapper)

def gaussian_pdf(x, mu, sigma):

I"EpEEt: ""“N(x | mu, sigma) computed directly from the formula."""
. - i coeff = 1.8 / (sigma * np.sgrt(2 * np.pi))
E step: r—lk - BEI},FFEE IthEGI"EIﬂ {STEP 4) kernel = np.exp(=0.5 * ((x = mu) / sigma) #=*x 2)
M-step: N_k - I_1r_ik return coeff * kernel
mk « Nk/N
uk « I_di(r_ik - x_i) / N_k
ok « sgrt(Z_i(r_ik - (x_i - p_k)?) / N_k)
until |ALL| < €
g E—StEI}: Bayes' theorem = responsibi lities zr— N_ite?: anJ)sed—fcrm updates from the Q-function derivatives
def e_step(x, pis, mus, sigmas): (7 LR [t
o Update parameters by maximising the expected complete-data log-likelihood.
; 1d old old
Compute rl[i T M axI. A o
Tik = k ( - | pL 2 " & } Derived formulas:
K N_k = sum_1i r_ik (effective count)
From Bayes: old M old old pi_k =N_k /N (from Lagrange multiplier)
'?TJ [:mi | f-"j El J_..' } mu_k = sum_i(r_ik = x_i) / N_k (weighted mean)
j—l sigma_k = sqrt{sum_i(r_ik(x_i-mu_k)~2) / N_k) (weighted std)

Returns new_pis, new_mus, new_sigmas.
Returns r: array of shape (N, KJ. N

wrn N, = r.shape N
. K = len({x), len(pis) ﬂ-;{.w = a Nk = E :lrﬂﬂ

# Effective count per component N !

. . ) Nk = r.sum(axis=@) i=1
# Mumerator: pi k * N{x_i | mu_k, sigma_k) shape (N, K}
numer = np.column_stack([ # pi update — from d/d(pi_k) [sum N_k log pi_k - lambda(sum pi_k .

pis[k] * gaussian_pdf(x, mus[k], sigmas[kl) new_pis =Nk / N :

for k in range(K) ) ) ) E Tik Ti

# mu update — from d/d(mu_k) [sum r_ik * log N{x_i|mu_k,sigma_k)] -
1)) new_mus = (r * x[:, Nonel).sum(axis=@) / Nk # shape (K,) ““"“" — =l
k N
) ) k
# Denominator: p(x_i) = sum over k of numerator row shape (N, 1) # sigma update — from d/d(sigma_k)[...] =@
_ P — residuals_sq = (x[:, None]l - new_mus[None, :]) #k 2 # (N, K
denom = numer.sum{axis=1, keepdims=True) new_sigmas = np.sqrt((r * residuals_sq).sum{axis=@) / Nk) N
newy2
) ralz: —

r = numer / denom # soft assignments, each row sums to 1 return new_pis, new_mus, new_sigmasl Z 'k( ! F )

- i—1
return r o = \ -
6 k N,
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Estimating GMM using Maximum Likelihood — EM Algorithm

Init (LL=-1391.2)

m— Estimated mixture

Iter 1 (LL=-1208.2)

Iter 2 (LL=-1201.0)
—— k=1
- k=2
-— k=3

Iter 5 (LL=-1193.4) Iter 10 (LL=-1179.3)

Iter 89 (LL=-1161.4)

EM Init LL=-1391.2

0.5+

==+ True mixture
= Estimated mixture
0.4 1
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Estimating GMM using Maximum Likelihood — EM Algorithm

2D EM Init (dashed = true)
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