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Data Distribution

Dog

Cat
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Data Distribution

Dog – P(Dog)

1. There is no concrete image/shape of the dog, everyone can come up with one of your own choice

2. But somehow dog and cat image distributions are different

When you draw an image, you are actually

sampling from a probability distribution!

Cat – P(Cat)
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Data Distribution

1D Gaussian Distribution 2D Gaussian Distribution

ℝ ℝ2

ℝ256×256ℝ256×256
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Data Distribution
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Estimating Data Distribution

Estimate Data Distribution
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Generative Model

Probability distribution of the objective based on the observed data

• Machine Learning Methods

o Gaussian Kernel Density Estimation

o Gaussian Mixture Models

• Deep Learning Methods

o Auto-Encoder (AE)

o Variational AE (VAE)

o Generative Adversarial Network

o Diffusion Model

𝑃(𝑥) 𝑥𝑥𝑖 𝑖=1
𝑁

Good DataGood Model

Using existing function to estimate what you do

not know that can best fit your observation

Using learnable function to estimate what you do

not know that can best fit your observation
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Generative Model

Probability distribution of the objective based on the observed data

• Deep Learning Methods

o Auto-Encoder (AE)

o Variational AE (VAE)

o Generative Adversarial Network

o Diffusion Model

𝑃(𝑥) 𝑥𝑥𝑖 𝑖=1
𝑁

Good DataGood Model

Using existing function to estimate what you do

not know that can best fit your observation

Using learnable function to estimate what you do

not know that can best fit your observation

• Machine Learning Methods

o Gaussian Kernel Density Estimation

o Gaussian Mixture Models
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Gaussian Kernel Density Estimation

what you know

Estimate what you do not know

Using existing function to estimate what you do not know that can best fit your observation
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What you know is Gaussian

What you observe is a set of i.i.d samples

from a Gaussian

𝑥𝑖|𝑥𝑖 ∼ 𝑃𝑑 𝑖=1
𝑁

How can we estimate the gaussian distribution?

What is 𝜇, 𝜎 ?

Gaussian Kernel Density Estimation

Using existing function to estimate what you do not know that can best fit your observation
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𝑥𝑖|𝑥𝑖 ∼ 𝑃𝑑 𝑖=1
𝑁

What is 𝜇, 𝜎 ?

Gaussian Kernel Density Estimation

Using existing function to estimate what you do not know that can best fit your observation
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𝑥𝑖|𝑥𝑖 ∼ 𝑃𝑑 𝑖=1
𝑁

What is 𝜇, 𝜎 ?

Gaussian Kernel Density Estimation

Using existing function to estimate what you do not know that can best fit your observation
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𝑥𝑖|𝑥𝑖 ∼ 𝑃𝑑 𝑖=1
𝑁

What is 𝜇, 𝜎 ?

Gaussian Kernel Density Estimation

Gaussian Kernel Density Estimation
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Maximize Log-Likelihood of parametric distribution = Minimize KL Divergence

between the data distribution and the parametric distribution

Gaussian Kernel Density Estimation
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Problem with Discrete Bin Density Estimation

Non-smooth

Curse of dimensionality

6 dimension 2 dimension



KIND 16

Problem with Discrete Bin Density Estimation
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Problem with Discrete Bin Density Estimation
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Problem with Discrete Bin Density Estimation
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Problem with Discrete Bin Density Estimation
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Gaussian Kernel Density Estimation - Example

DEMO

http://localhost:8888/lab?token=030bdee80fab3f4e7440d977120312a04bf5d8943c4b0f3c
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How about 2D Gaussian Dimension?

Any problem with such

estimation?

Gaussian Kernel Density Estimation
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If using one existing function to estimate is not enough, then let’s try more!

Gaussian Mixture Models 
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Gaussian Mixture Models 
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Gaussian Mixture Models 

෍

𝑛=1

𝑁

𝐿𝑜𝑔(෍

𝑘=1

𝐾

𝑝(𝑥𝑛; 𝑢, 𝜎)) = ෍

𝑛=1

𝑁

𝐿𝑜𝑔(෍

𝑘=1

𝐾
𝛼𝑘

2𝜋𝜎𝑘
2

𝑒
−

𝑥𝑛−𝜇𝑘
2

2𝜎𝑘
2

)

Non-convex and no closed form solution to update all parameters at the single epoch
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Gaussian Mixture Models 
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Gaussian Mixture Models 
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Gaussian Mixture Models 

Soft assignment of data 𝒙 to each Gaussian

Factuality of the latent distribution z
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Gaussian Mixture Models 

Soft assignment of data 𝒙 to each Gaussian

Factuality of the latent distribution z

෍
𝑖=1

𝑁

෍

𝑧𝑘∈{𝑧1,𝑧2,𝑧3}

𝑝(𝑧𝑘|𝑥𝑖)
𝑑

𝑑𝜃
log(𝑝(𝑥𝑖|𝑧𝑘)) + ෍

𝑖=1

𝑁

෍

𝑧𝑘∈{𝑧1,𝑧2,𝑧3}

𝑝(𝑧𝑘|𝑥𝑖)
𝑑

𝑑𝜃
log(𝑝(𝑧𝑘)) = 0

Constrained Optimization
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Gaussian Mixture Models 

𝑚ax/ min 𝑓(𝑥)

𝑠. 𝑡. 𝑔𝑖 𝑥 = 0, 𝑖 = 1,2, … , 𝑚

ℒ 𝑥, 𝜆 = 𝑓 𝑥 + ෍
𝑖=1

𝑚

𝜆𝑖𝑔𝑖 𝑥  

∇ℒ 𝑥, 𝜆 = 0

Karush–Kuhn–Tucker conditions

https://en.wikipedia.org/wiki/Karush%E2%80%93Kuhn%E2%80%93Tucker_conditions
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Gaussian Mixture Models 

Soft assignment of data 𝒙 to each Gaussian

Factuality of the latent distribution z

෍
𝑖=1

𝑁

෍

𝑧𝑘∈{𝑧1,𝑧2,𝑧3}

𝑝(𝑧𝑘|𝑥𝑖)
𝑑

𝑑𝜃
log(𝑝(𝑥𝑖|𝑧𝑘)) + ෍

𝑖=1

𝑁

෍

𝑧𝑘∈{𝑧1,𝑧2,𝑧3}

𝑝(𝑧𝑘|𝑥𝑖)
𝑑

𝑑𝜃
log(𝑝(𝑧𝑘)) +

𝑑

𝑑𝜃
𝜆 (෍

𝑘=1

3

𝛼𝑘 − 1) = 0

𝜃 ∈ { 𝛼𝑘, 𝜇𝑘, 𝜎𝑘 𝑘=1
𝐾 , 𝜆}
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Gaussian Mixture Models 

Soft assignment of data 𝒙 to each Gaussian

Factuality of the latent distribution z

𝑝 𝑧𝑘 𝑥𝑖 =
𝑝 𝑥𝑖 𝑧𝑘 𝑝 𝑧𝑘

𝑝 𝑥𝑖
=

𝑝 𝑥𝑖 𝑧𝑘 𝑝 𝑧𝑘

σ𝑘=1
3 𝑝 𝑥𝑖|𝑧𝑘 𝑝(𝑧𝑘)

= 𝑟𝑖
𝑘

• 𝑝(𝑥|𝑧): what is the probability of 𝑥𝑖 coming from 𝑧.

• 𝑝(𝑧): what is the probability of 𝑧

• Our optimization is over 𝛼𝑘, 𝜇𝑘, 𝜎𝑘 𝑘=1
𝐾

𝑝(𝑧𝑘) = 𝛼𝑘

෍
𝑖=1

𝑁

෍

𝑧𝑘∈{𝑧1,𝑧2,𝑧3}

𝑝(𝑧𝑘|𝑥𝑖)
𝑑

𝑑𝜃
log(𝑝(𝑥𝑖|𝑧𝑘)) + ෍

𝑖=1

𝑁

෍

𝑧𝑘∈{𝑧1,𝑧2,𝑧3}

𝑝(𝑧𝑘|𝑥𝑖)
𝑑

𝑑𝜃
log(𝑝(𝑧𝑘)) + 𝜆 ෍

𝑘=1

3 𝑑

𝑑𝜃
𝛼𝑘 = 0
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Gaussian Mixture Models 

𝑝 𝑧𝑘 𝑥𝑖 =
𝑝 𝑥𝑖 𝑧𝑘 𝑝 𝑧𝑘

𝑝 𝑥𝑖
=

𝑝 𝑥𝑖 𝑧𝑘 𝑝 𝑧𝑘

σ𝑘=1
3 𝑝 𝑥𝑖|𝑧𝑘 𝑝(𝑧𝑘)

= 𝑟𝑖
𝑘

𝑝(𝑧𝑘) = 𝛼𝑘

෍
𝑖=1

𝑁

෍

𝑧𝑘∈{𝒛𝟏,𝑧2,𝑧3}

𝑟𝑖
𝑘 𝑑

𝑑𝑢1
log(𝑝(𝑥𝑖|𝑧𝑘)) = 0 ෍

𝑖=1

𝑁

෍

𝑧𝑘∈{𝑧1,𝒛𝟐,𝑧3}

𝑟𝑖
𝑘 𝑑

𝑑𝑢2
log(𝑝(𝑥𝑖|𝑧𝑘)) = 0 ෍

𝑖=1

𝑁

෍

𝑧𝑘∈{𝑧1,𝑧2,𝒛𝟑}

𝑟𝑖
𝑘 𝑑

𝑑𝑢3
log(𝑝(𝑥𝑖|𝑧𝑘)) = 0

෍
𝑖=1

𝑁

෍

𝑧𝑘∈{𝒛𝟏,𝑧2,𝑧3}

𝑟𝑖
𝑘 𝑑

𝑑𝜎1
log(𝑝(𝑥𝑖|𝑧𝑘)) = 0 ෍

𝑖=1

𝑁

෍

𝑧𝑘∈{𝑧1,𝒛𝟐,𝑧3}

𝑟𝑖
𝑘 𝑑

𝑑𝜎2
log(𝑝(𝑥𝑖|𝑧𝑘)) = 0 ෍

𝑖=1

𝑁

෍

𝑧𝑘∈{𝑧1,𝑧2,𝒛𝟑}

𝑟𝑖
𝑘 𝑑

𝑑𝜎3
log(𝑝(𝑥𝑖|𝑧𝑘)) = 0

෍
𝑖=1

𝑁

෍

𝑧𝑘∈{𝒛𝟏,𝑧2,𝑧3}

𝑟𝑖
𝑘 𝑑

𝑑𝛼1
log(𝑝(𝑧𝑘)) +

𝑑

𝑑𝛼1
𝜆 (1 − ෍

𝑘=1

3

𝛼𝑘) = 0

𝜃 ∈ { 𝛼𝑘, 𝜇𝑘, 𝜎𝑘 𝑘=1
𝐾 , 𝜆}

෍
𝑖=1

𝑁

෍

𝑧𝑘∈{𝑧1,𝑧2,𝑧3}

𝑝(𝑧𝑘|𝑥𝑖)
𝑑

𝑑𝜃
log(𝑝(𝑥𝑖|𝑧𝑘)) + ෍

𝑖=1

𝑁

෍

𝑧𝑘∈{𝑧1,𝑧2,𝑧3}

𝑝(𝑧𝑘|𝑥𝑖)
𝑑

𝑑𝜃
log(𝑝(𝑧𝑘)) +

𝑑

𝑑𝜃
𝜆 (෍

𝑘=1

3

𝛼𝑘 − 1) = 0

෍
𝑖=1

𝑁

෍

𝑧𝑘∈{𝒛𝟏,𝒛𝟐,𝑧3}

𝑟𝑖
𝑘 𝑑

𝑑𝛼2
log(𝑝(𝑧𝑘)) +

𝑑

𝑑𝛼2
𝜆 (1 − ෍

𝑘=1

3

𝛼𝑘) = 0

෍
𝑖=1

𝑁

෍

𝑧𝑘∈{𝑧1,𝑧2,𝒛𝟑}

𝑟𝑖
𝑘 𝑑

𝑑𝛼3
log(𝑝(𝑧𝑘)) +

𝑑

𝑑𝛼3
𝜆 (1 − ෍

𝑘=1

3

𝛼𝑘) = 0
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Gaussian Mixture Models 

෍
𝑖=1

𝑁

𝑟𝑖
1 𝑑

𝑑𝑢1
log(𝑝(𝑥𝑖|𝑧1)) = 0 ෍

𝑖=1

𝑁

𝑟𝑖
2 𝑑

𝑑𝑢2
log(𝑝(𝑥𝑖|𝑧2)) = 0 ෍

𝑖=1

𝑁

𝑟𝑖
3 𝑑

𝑑𝑢3
log(𝑝(𝑥𝑖|𝑧3)) = 0

෍
𝑖=1

𝑁

𝑟𝑖
1 𝑑

𝑑𝜎1
log(𝑝(𝑥𝑖|𝑧1)) = 0 ෍

𝑖=1

𝑁

𝑟𝑖
2 𝑑

𝑑𝜎2
log(𝑝(𝑥𝑖|𝑧2)) = 0 ෍

𝑖=1

𝑁

𝑟𝑖
3 𝑑

𝑑𝜎3
log(𝑝(𝑥𝑖|𝑧3)) = 0

𝜃 ∈ { 𝛼𝑘, 𝜇𝑘, 𝜎𝑘 𝑘=1
𝐾 , 𝜆}

෍
𝑖=1

𝑁

෍

𝑧𝑘∈{𝑧1,𝑧2,𝑧3}

𝑝(𝑧𝑘|𝑥𝑖)
𝑑

𝑑𝜃
log(𝑝(𝑥𝑖|𝑧𝑘)) + ෍

𝑖=1

𝑁

෍

𝑧𝑘∈{𝑧1,𝑧2,𝑧3}

𝑝(𝑧𝑘|𝑥𝑖)
𝑑

𝑑𝜃
log(𝑝(𝑧𝑘)) +

𝑑

𝑑𝜃
𝜆 (෍

𝑘=1

3

𝛼𝑘 − 1) = 0

෍
𝑖=1

𝑁

𝑟𝑖
1 𝑑

𝑑𝛼1
log(𝑝(𝑧1)) − 𝜆 = 0

෍
𝑖=1

𝑁

𝑟𝑖
2 𝑑

𝑑𝛼2
log(𝑝(𝑧2)) − 𝜆 = 0

෍
𝑖=1

𝑁

𝑟𝑖
3 𝑑

𝑑𝛼3
log(𝑝(𝑧3)) − 𝜆 = 0

෍
𝑖=1

𝑁

𝑟𝑖
1 1

𝛼1
− 𝜆 = 0

෍
𝑖=1

𝑁

𝑟𝑖
2 1

𝛼2
− 𝜆 = 0

෍
𝑖=1

𝑁

𝑟𝑖
3 1

𝛼3
− 𝜆 = 0

𝛼1 =  ෍
𝑖=1

𝑁 𝑟𝑖
1

𝜆
= ෍

𝑖=1

𝑁 𝑟𝑖
1

𝑁

𝛼2 =  ෍
𝑖=1

𝑁 𝑟𝑖
2

𝜆
= ෍

𝑖=1

𝑁 𝑟𝑖
2

𝑁

𝛼3 =  ෍
𝑖=1

𝑁 𝑟𝑖
3

𝜆
= ෍

𝑖=1

𝑁 𝑟𝑖
3

𝑁

෍
𝑘=1

3

𝛼𝑘 = 1

෍
𝑘=1

3

෍
𝑖=1

𝑁

𝑟𝑖
𝑘 /𝜆 = 1

𝑁 = ෍
𝑖=1

𝑁

෍
𝑘=1

3

𝑟𝑖
𝑘 = 𝜆
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𝜃 ∈ { 𝛼𝑘, 𝜇𝑘, 𝜎𝑘 𝑘=1
𝐾 , 𝜆}

෍
𝑖=1

𝑁

෍

𝑧𝑘∈{𝑧1,𝑧2,𝑧3}

𝑝(𝑧𝑘|𝑥𝑖)
𝑑

𝑑𝜃
log(𝑝(𝑥𝑖|𝑧𝑘)) + ෍

𝑖=1

𝑁

෍

𝑧𝑘∈{𝑧1,𝑧2,𝑧3}

𝑝(𝑧𝑘|𝑥𝑖)
𝑑

𝑑𝜃
log(𝑝(𝑧𝑘)) +

𝑑

𝑑𝜃
𝜆 (෍

𝑘=1

3

𝛼𝑘 − 1) = 0

෍
𝑖=1

𝑁

𝑟𝑖
1 𝑑

𝑑𝛼1
log(𝑝(𝑧1)) − 𝜆 = 0

෍
𝑖=1

𝑁

𝑟𝑖
2 𝑑

𝑑𝛼2
log(𝑝(𝑧2)) − 𝜆 = 0

෍
𝑖=1

𝑁

𝑟𝑖
3 𝑑

𝑑𝛼3
log(𝑝(𝑧3)) − 𝜆 = 0

෍
𝑖=1

𝑁

𝑟𝑖
1 1

𝛼1
− 𝜆 = 0

෍
𝑖=1

𝑁

𝑟𝑖
2 1

𝛼2
− 𝜆 = 0

෍
𝑖=1

𝑁

𝑟𝑖
3 1

𝛼3
− 𝜆 = 0

𝛼1 =  ෍
𝑖=1

𝑁 𝑟𝑖
1

𝜆
= ෍

𝑖=1

𝑁 𝑟𝑖
1

𝑁

𝛼2 =  ෍
𝑖=1

𝑁 𝑟𝑖
2

𝜆
= ෍

𝑖=1

𝑁 𝑟𝑖
2

𝑁

𝛼3 =  ෍
𝑖=1

𝑁 𝑟𝑖
3

𝜆
= ෍

𝑖=1

𝑁 𝑟𝑖
3

𝑁

෍
𝑘=1

3

𝛼𝑘 = 1

෍
𝑘=1

3

෍
𝑖=1

𝑁

𝑟𝑖
𝑘 /𝜆 = 1

𝑁 = ෍
𝑖=1

𝑁

෍
𝑘=1

3

𝑟𝑖
𝑘 = 𝜆

E-step: Estimate the Latent Variable given the current Gaussian Parameter



KIND 35

Gaussian Mixture Models 

෍
𝑖=1

𝑁

𝑟𝑖
1 𝑑

𝑑𝑢1
log(𝑝(𝑥𝑖|𝑧1)) = 0 ෍

𝑖=1

𝑁

𝑟𝑖
2 𝑑

𝑑𝑢2
log(𝑝(𝑥𝑖|𝑧2)) = 0 ෍

𝑖=1

𝑁

𝑟𝑖
3 𝑑

𝑑𝑢3
log(𝑝(𝑥𝑖|𝑧3)) = 0

෍
𝑖=1

𝑁

𝑟𝑖
1 𝑑

𝑑𝜎1
log(𝑝(𝑥𝑖|𝑧1)) = 0 ෍

𝑖=1

𝑁

𝑟𝑖
2 𝑑

𝑑𝜎2
log(𝑝(𝑥𝑖|𝑧2)) = 0 ෍

𝑖=1

𝑁

𝑟𝑖
3 𝑑

𝑑𝜎3
log(𝑝(𝑥𝑖|𝑧3)) = 0

𝜃 ∈ { 𝛼𝑘, 𝜇𝑘, 𝜎𝑘 𝑘=1
𝐾 , 𝜆}

෍
𝑖=1

𝑁

෍

𝑧𝑘∈{𝑧1,𝑧2,𝑧3}

𝑝(𝑧𝑘|𝑥𝑖)
𝑑

𝑑𝜃
log(𝑝(𝑥𝑖|𝑧𝑘)) + ෍

𝑖=1

𝑁

෍

𝑧𝑘∈{𝑧1,𝑧2,𝑧3}

𝑝(𝑧𝑘|𝑥𝑖)
𝑑

𝑑𝜃
log(𝑝(𝑧𝑘)) +

𝑑

𝑑𝜃
𝜆 (෍

𝑘=1

3

𝛼𝑘 − 1) = 0

𝑝 𝑧𝑘 𝑥𝑖 =
𝑝 𝑥𝑖 𝑧𝑘 𝑝 𝑧𝑘

𝑝 𝑥𝑖
=

𝑝 𝑥𝑖 𝑧𝑘 𝑝 𝑧𝑘

σ𝑘=1
3 𝑝 𝑥𝑖|𝑧𝑘 𝑝(𝑧𝑘)

= 𝑟𝑖
𝑘
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Gaussian Mixture Models 

• E-step: Estimate the Latent Variable given the current Gaussian Parameter

𝛼1 =  ෍
𝑖=1

𝑁 𝑟𝑖
1

𝜆
= ෍

𝑖=1

𝑁 𝑟𝑖
1

𝑁

𝛼2 =  ෍
𝑖=1

𝑁 𝑟𝑖
2

𝜆
= ෍

𝑖=1

𝑁 𝑟𝑖
2

𝑁

𝛼3 =  ෍
𝑖=1

𝑁 𝑟𝑖
3

𝜆
= ෍

𝑖=1

𝑁 𝑟𝑖
3

𝑁

𝑝 𝑧𝑘 𝑥𝑖 =
𝑝 𝑥𝑖 𝑧𝑘 𝑝 𝑧𝑘

𝑝 𝑥𝑖

=
𝑝 𝑥𝑖 𝑧𝑘 𝑝 𝑧𝑘

σ𝑘=1
3 𝑝 𝑥𝑖|𝑧𝑘 𝑝(𝑧𝑘)

= 𝑟𝑖
𝑘
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Gaussian Mixture Models – EM algorithm Example 

DEMO

http://localhost:8888/lab?token=030bdee80fab3f4e7440d977120312a04bf5d8943c4b0f3c
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Problems

All you know for modeling what you do not know is fixed. But how do 

you know those fixed things is able to model the unknown thing?

Three bumps but I just give you 

two different gaussian

I just give you two different 

gaussian.

Using existing function to estimate what you do not know that can best fit your observation



KIND 39

Problems

What you have is some low-dimensional data

But what you want to model is some high-dimensional data, how it could be?

ℝ1, ℝ2

ℝ256×256

Using existing function to estimate what you do not know that can best fit your observation
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