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Data Distribution




Data Distribution

Cat — P(Cat)

1. There is no concrete image/shape of the dog, everyone can come up with one of your own choice

2. But somehow dog and cat image distributions are different

When you draw an image, you are actually
sampling from a probability distribution!




Data Distribution

1D Gaussian Distribution
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Data Distribution %

Histogram of real 1D samples 2D Gaussian: True Data Distribution
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# Generate real 2D data (Gaussian with correlation)
mean2d = (8.8, 8.8]
cov2d = [[1.8, @.8],
[@8.8, 1.8]] # covariance matrix with correlation 8.8
# Generate real 1D data samples from a Gaussian distribution N{mean, std"2) real_samples_2d = np.random.nultivariate_normal(mean2d, cov2d, size=5000)
meanld, stdld = 6.8, 1.0

real_samples_1d = np.random.normal(meanld, stdld, size=10008)

import numpy as np
impert matplotlib.pyplot as plt

import seaborn as sns

# Unpack real samples into x and y

# Plot histogram of real samples %_real = real_samples_2d[:, 0l
plt.figure{figsize=[6,4]J y_real = real_samples_2d[:, 1]
4 i - - — ) 1]
plt.h*st{rea?_samples_ld, bins=38, density=True, color='skyblue') # Plot: scatter with density contour
plt.title("Histogram of real 1D samples") plt.figure(figsize=(6, 5))
plt.xlabel("x"); plt.ylabel("Density") sns.kdeplot (x=x_real, y=y_real, fill=True, cmap="Blues", thresh=0.01, levels=10@)
plt.shuw{} plt.scatter(x_reall:500], y_reall:58@], s=5, coler="black", alpha=0.3, label="Samples")

plt.title("2D Gaussian: True Data Distribution")
plt.xlabel("X axis"); plt.ylabel("¥ axis")

plt. legend()

plt.grid(True)

plt.axis("equal™)

plt.show()
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Estimating Data Distribution

1 Estimate Data Distribution

2D Gaussian: True Data Distribution

«  Samples

Y axis




Generative Model

Probability distribution of the objective based on the observed data

. . {x}ilq > P(x) > X
* Machine Learning Methods Good Model Good Data

o Gaussian Kernel Density Estimation

Using existing function to estimate what you do

o Gaussian Mixture Models B not know that can best fit your observation

* Deep Learning Methods
o Auto-Encoder (AE)

o Variational AE (VAE)

Using learnable function to estimate what you do
not know that can best fit your observation
o Generative Adversarial Network

o Diffusion Model -

KIND e




Generative Model

Probability distribution of the objective based on the observed data

. . {x}ilq > P(x) > X
* Machine Learning Methods Good Model Good Data

o Gaussian Kernel Density Estimation

Using existing function to estimate what you do

o Gaussian Mixture Models B not know that can best fit your observation

* Deep Learning Methods
o Auto-Encoder (AE)

o Variational AE (VAE)

Using learnable function to estimate what you do
not know that can best fit your observation
o Generative Adversarial Network

o Diffusion Model -

KIND e




%

Gaussian Kernel Density Estimation

Using existing function to estimate what you do not know that can best fit your observation
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Gaussian Kernel Density Estimation

Using existing function to estimate what you do not know that can best fit your observation

What you know is Gaussian

0.40
— p(;H1,0)
0.35{ Unobserved Pa
2 0.30 Generative X  Xn~Pa
1 _x-p) . Distribution \
p(x;u,0) = N(x; pu, 0) = e 20° |
V2ol 0.20
0.15 Observed <+—— Parametric
0.10 Samples
0.05 \
0.00
What you observe is a set of i.i.d samples 100 -7.5 -50 -25 00 25 50 75 100

from a Gaussian

N
{xi|x; ~ Pg}izq

How can we estimate the gaussian distribution?

Whatisu,o ?
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Gaussian Kernel Density Estimation

Using existing function to estimate what you do not know that can best fit your observation

N
{xi|x; ~ Pg}i=4

0.40 R —
( )2 0.351  Unobserved Pa
1 _x—p 0.30] Generative X  Xn~Pa
p(x;u,0) = N(x;pu,0) = \/728 202 055 | Distribution \
2o '
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1- Maximum Likelihood:

N
gy . 150) =] [P0
n=1
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Gaussian Kernel Density Estimation

Using existing function to estimate what you do not know that can best fit your observation

N
{xi|x; ~ Pg}i=4

0.40 R —
( )2 0.351  Unobserved Pa
1 _x—p 0.30] Generative X  Xn~Pa
p(x;u,0) = N(x;pu,0) = \/728 202 055 | Distribution \
2o '
0.20
1 0.15 Observed Parametric
Samples
0.10
i ?

Whatisu,o - 0.05
0.00

-10.0 -75 -50 -2.5 0.0 2.5 5.0 75  10.0

2 - Maximum Log-Likelihood:

N
argmaxlog (1_[ P (Xn; 4, a)) = Z log(p (xn; 1, 9))
n=1




Gaussian Kernel Density Estimation

Gaussian Kernel Density Estimation

N
{xi|x; ~ Pg}i=4

0.40

— p(;u,0)
( )2 0.351  Unobserved Pa
1 _x—pu : G tiv Xo ~ Pg
p(x;u,0) =N(x;u,0) = ﬁe 202 2;: Dies:SLauti:n \ 2 g
2na 0.20
1 0.15 Observed Parametric
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3- Minimizing Negative Log-Likelihood: 4 ol o
—=0=>u, == Z X
N * n
I € JC ) G Op N
argmin + N
Z 2 202 oL 1
#7 = ’ —=0>0 ——Z(x — u*)?
) " do * N nTH




Gaussian Kernel Density Estimation

2 - Maximum Log-Likelihood: 0.40
0.35 Unobserved

N N 0.30 Generative
argmax]og (l_[ p(xn; M, c.r}) = Z lng(p(xn;p, J)) 0.25 Distribution \
o n=1

n=1 0.20

— p(; 1, 0)
Pad
X Xn ~Pa

<+— Parametric

0.15 Observed
Monte-Carlo 0.10 Samples
Approximation 0.05 \

0.00

1 u -100 -75 -50 -25 00 25 50 75 10.0
fﬂd(x) log(p(x; 1, 0)) dx =~ & Z log(p (xn; 1, 0))
R

n=1

argmax [ pa () log(p (e ) dx = argmax | pa () log(p (x4, ) dx = [ paCx)log(pa(a) dx
uwo R wo R R

= argmax | py(x)log (p(x;u,a)
o R a pa(x)

pa(x) ) dx

dx = ar minf x)lo
) 9 de() g(p(x;u,a)

= argmin Dg; (pall p(; 1, 0))
WO

Maximize Log-Likelihood of parametric distribution = Minimize KL Divergence
between the data distribution and the parametric distribution
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Problem with Discrete Bin Density Estimation

§ o g o
25 251
i ; Non-smooth
g 8-
E‘ | 1 E' = A T T
3 ; 5 o 3 ; 5 o

6 dimension 2 dimension

Curse of dimensionality




Problem with Discrete Bin Density Estimation %

Constant # examples

1
* We add a second feature. o |
®
.. . ..l F v l B A =
X, =
Constant density
* How many samples do we need if $eo ||,
we wanted to keep the average =T =
. &
density per segment constant? 1
- -
H




Problem with Discrete Bin Density Estimation

e Lets add a third feature:

"
Constant # examples / / /
. ALY

b " [= il al
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The number of bins grows exponentially -> We need exponentially more samples




Problem with Discrete Bin Density Estimation

Surprising behavior of distances in high dimensions
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Problem with Discrete Bin Density Estimation

Surprising behavior of distances in high dimensions
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Gaussian Kernel Density Estimation - Example

DEMO



http://localhost:8888/lab?token=030bdee80fab3f4e7440d977120312a04bf5d8943c4b0f3c

Gaussian Kernel Density Estimation

How about 2D Gaussian Dimension? 4{ Unobserved
Generative
Distribution \
2 1 x
Xy x
1 — (x_”)Tz_1(x_ﬂ) 0 XK z o\ %
p(;u,X) = e 2 W7
J2m)ddet(Z) WA 0k
2 : * ;"x -2 5 £ Pa
X %, ’S:( X  Xn~ Pd
x p( ' N, Z)

-10.0 -75 -50 -25 0.0 2.5 5.0 75 10.0

N
oL 0o 1 Z
ou =N L .
n=1 Any problem with such
. o estimation?
—=0=3, = —Z(x — ) (e — )’
> NS " |
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Gaussian Mixture Models
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If using one existing function to estimate is not enough, then let’s try more!
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Gaussian Mixture Models

05 -
04 -
03 -
02 -
01 -

0.0 -

Assume we have N i.i.d samples from a mixture of
Gaussians distribution, {x,~ps}=1.

* How do we estimate the parameters of the
mixture from the observed samples?

P “

=100 -75 <50 =25 00 25 5.0 15 100

(x —ﬂk)z

p(x [(at, b 01 Te=1) = Z apN(X; p, o) = Z 20},

/chrk

Where a, =0, YX_, a;, = 1,and o3, =
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Gaussian Mixture Models

_ (e—pp)?
2

K K
Ak
P(xi [(ak, bk Uk)]ilc{:l) = Z a, N(x; uy, 0) = Z e 207
k=1

k=1 |2ma?

Where ay, = 0, YX_, a;, = 1, and g5, = 0.

N N
argmax log (l_[ P (Xni 1, ﬂr)) = Z log(p(xy; 1, 0))
ad n=1 n=1

_(xn_lik)z

N K N K
_ Xk 207
Log( ) p(xnpu,0))= ) Log( e ko)
n=1 k=1 n=1 k=1 /Zno',?

Non-convex and no closed form solution to update all parameters at the single epoch
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Gaussian Mixture Models

If, for each sample, we knew which Gaussian it is sampled from the problem would have been solved! Meaning
that we could have solved K maximum log-likelihoods to estimate parameters of each Gaussian independent of

the others!
0.40
p p('; H, o) 05 4
0.351 Unobserved Pa
0.30 G'ene'ratiye X Xn~Pd 04 1
Distribution
0.25
0.20 031
0.15 Observed Parametric 02
0.10 Samples
0.05 0.1 1
0.00
-100 -75 -50 -25 00 25 50 75 100 0.0 1

-100 -75 -50 -25 00 25 50 75 100




Gaussian Mixture Models

If, for each sample, we knew which Gaussian it is sampled from the problem would have been solved! Meaning
that we could have solved K maximum log-likelihoods to estimate parameters of each Gaussian independent of
the others!

z = [zq,...,2g], zx € {0,1}
1
p(x|lzy =1) = ——
p(2) /211:0,3

p(x|z)

_ (x—pp)*
207

K K
p(x) = ZP(JCle = 1)p(Zk = 1) = Z
k=1

k=1

ot




Gaussian Mixture Models

I|"' | \ ) .'." A
—_ d o 1 'y
I logl f(x)) - Fiz)
plz) / plz,x) dz dx =)
d iZ p(z,x) X iiv(z x) (x|2)
—logp(x) _—10 z,x) | =897 _22dO T P2) s
do g (Z P )) Y. p(Z, x) 20, x)
p( x)
Zzp(z X) do

d
Zz,p(zpa(cz) 2 Z(%) dglog(p(z x)) = ZP(le) log(p(z,x))

ZP(ZIx) log(p(xI2)p(2)) = Zp<z|x> log(p(xIZ))+Zp(ZIx) log(p(2))

p(z|x) Soft assignment of data x to each Gaussian

log(p(z))  Factuality of the latent distribution z




Gaussian Mixture Models

p(z) = )l i 1
(o) / 2.2)d i 1 f fix)
d
d 4 %.p(x%) Ez—p(z,x) z
= a do do P) p(x|2)
5157 = 35108 (z P ")) S @x) - Sup@, D)
4 pz,%)
220(z,x) dg (z,x) d
mopih = (5 ) doeoem) = Y pcn Gyt
Z p(lx) 75 log(p(x|z)p(z)) Z p(zlx) o log(p(x|z)) + Z p(zlx) 25 log(p(z))
N d
DY b gglosplala + Y. Y bk g lo8(p(a0) = 0
= Zke{Z1 Z2,23} zk6{21,22,23}
p(z|x) Soft assignment of data x to each Gaussian Where a = 0, YK _ = 1

log(p(z))  Factuality of the latent distribution z Constrained Optimization
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Gaussian Mixture Models

N N
max/ min f(X) argmax log (l_[p(x“;ﬂ,:r)) = Z]og(p(xn; w,a))
ﬁ aad n=1 n=1
S.t. gi(x) =0,i=12,..,m Where a; = 0, ¥X_, ax = 1, and oy, > 0.

LoD =+ Y Aigio)

VL(x,A) =0

Karush-Kuhn-Tucker condition



https://en.wikipedia.org/wiki/Karush%E2%80%93Kuhn%E2%80%93Tucker_conditions

Gaussian Mixture Models

plz) =Y pl
r . ! f : fz)
plz) / plz,xz)d dx )
ilogp(x) 1 (z, %) %Zzp(z,x) _ EZ%P(Z, x) p(2) p(x|z)
a8 “do >t Z" ) @D T Sap@n)
2zp(z,x) do p( 2

d
Zz,p(zpa(cz) 2 Z(%) dglog(p(z x)) = ZP(le) log(p(z,x))

Zp(zlx) log(p(x|2)p(2)) = Zp(zm log(p(x|z))+zp(z|x> log(p(2))

N 3
DY bl gglosrlala) + Y. Y plak)g5losee) +ipA (). a—1) =0

ZkE{Z1 Z3,23} zkE{21 Z3,23}

p(z|x) Soft assignment of data x to each Gaussian 0 € {[(ay, ux, 0101 k=1, A}

log(p(z))  Factuality of the latent distribution z
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Gaussian Mixture Models

DY pabosglogptlan t Yy, Y plakisglogpn Ay

ZkE{Z1 Z3,23} ZkE{Z1 25,23}

p(z|x) Soft assignment of data x to each Gaussian

log(p(z))  Factuality of the latent distribution z

(z|x;) = p(xilzi)p(zy) _ p(x;ilzi)p(zy) _
P Zg1X; p(Xi) Zz:lp(xilzk)P(Zk) i

p(zx) = a -

* p(x|z): what is the probability of x; coming from z.
* p(2): what is the probability of z
*  Our optimization is over [(ay, g, 1) 1%_,
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Gaussian Mixture Models &

N

d N d d 3
P@lx) Glos@Cila) + ) ) pdx) glos®@)) + A (Y. ax—1) =0

i=1 =1
Z€{21,22,23} Zk€{Z1,22,23}

6 € {[(ax, k. 0k)]’1§=1r A}

>N sl =0y

ZkE{Zl Z2,23} Zk€{z1,22,23} Zk€{21,22,23}

k) - " k4 —0
7 ” og(p(xilzx)) =0 i T s og(p(xilzx)) =

N . d N . d N . d
. i ——log(p(xilzx)) = 0 Z Z ri ——log(p(xilzx)) = 0 Z Z rkF—1log(p(xi|zx)) = 0
i=1 0'1 i=1 0-2 =1 0_3

Z€{21,22,23} Z,€{z1,22,23} Z€{21,22,23}
N . d d 3
) ri ——log(p(zx)) + d—/'l 1- Z a) =0
=1 Z€{71,22,23} "1 " k=1

o p(Z |x) _ p(xllzk)p(zk) _ p(xl|Zk)p(Zk) _k
N d d 3 o p(xy) Yi=1 P(xilZ ) P (21)
) G 0P + 5 A= ) @) =0
=1 ielzrzr zs) 2 2 =1
p(z) = ay
’ L logp@) + A (1= Y @) =0
r¥ —1log(n(z — — an) =

i=1 ' as SLP Lk das k=1 .

ZkE{Z1,Zz,Z3}
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Gaussian Mixture Models &

N d N d d 3
| Pl logp(ulz) + ) Y plaln)oslogm@z) + A () a=1)=0
2z €{z1,22,23} 2 €{21,22,23}
6 € {[(ax, e o) k=1, A}
N d N d N d
Zizlri 0B (xilz)) = 0 Zi:ln o lo8(p(xilz2)) = 0 Zizln —log(p(lzs)) =0
N d N d N d
1_— . — 2 . — 3___ . =
D T g s adz) = 0 D g oapalz) = 0 D g 0B Clz2)) = 0

N d N 1 N gl N gl 3 _
D R logpe-A=0 Y =i a=) LN T > =1
N d N 1 N 2 N 2 3 N
TSR W SR W2 3k D W s
Do e o8 (22) e =) 4 L DN

N 3
N d N 1 N r.3 N r.3 N = Z z Tik =1
Y Plogp) -A=0 Y rpe—-2=0 ag=) =) (=1 L=
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Gaussian Mixture Models

N d N d d 3
| Pl logp(ulz) + ) Y plaln)oslogm@z) + A () a=1)=0
Zk€{Z1,22,23} Zk€{21,22,23}
0 € {[(ay, ux, O-k)]lk<=1; A}
N d N 1 4 1 1 ) 3
1 4 o 1= 4 _ N7 _ N 7 =1
Zi=1 i a; log(p(z1)) ~4 =0 Zi=1 i a, A= = Zi=17 B Zi=1W Zk:lak
N d N 1 N 7 N p? 3 N
2__ —_ = .2— —_ = = L = L -k =
D g osp@) ~1=0 DI =y =y =y 4 DD, ma=1

N 3
N d N 1 N r.3 N 'r'.3 N = Z Z Tik =A
Z, ¥ —log(p(z3)) = 1= 0 Z rP——-21= az = = Z i=14g=1
i=1 =1 a i=1

da3

E-step: Estimate the Latent Variable given the current Gaussian Parameter

KIND 3 O




Gaussian Mixture Models &

N d N
). k) ggloskGla + )

Z€{21,22,23}

d d 3
pCaix) 5 1og(p(z)) + 251 (Zkzlak ~1)=0

ZkE{erZZlZ3}

6 € {[(ax, tr, 1)1 %=1, 1}
e N
> i logpalz) = 0 > 1 logpalz) = 0 S - log@palzs)) = 0
T — - = r—Io xilzz)) = 7 —lo xilz3)) =
i=1 i Uy 0g(PXilZz1 j=1 i U, gLp 2 j=1 Us g 3
N 1 d N ) d N 3 d
D T g e ) = 0 D g 0B (lz2) = 0 D Ty 0B (alz)) = 0
. y,
* Maximization Step: for fixed rX solve the maximum Iog-likelihood't'o obtain optimal parameters:
1 k
d Mea nS: ﬂk = N_Zn rn xn p(Z |.X') _ p(xilzk)P(Zk) _ p(xilzk)p(zk) _ T-k
k e p(x) Tho1pCailzdp(z)

. 1

* Variances: g7 = - Ln Xy — k)2

» Covariances: X =i2 rk(x, — ) (x, — )T
k Ny &nTnixn B )\ Xpn — R
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Gaussian Mixture Models

* E-step: Estimate the Latent Variable given the current Gaussian Parameter

# E-step: computg respansibﬂitics for each point and cluster
# Compute Gaussian likelihoods for each cluster

p(xl | Zk)p(Zk) inv_covl = torch.'L]:.na'Lg..?n\t{cu\r_GJJ-

(Z |x) — inv_covl = torch.linalg.inv{cov[1]}
p k A det_cov@ = torch.linalg.det(cov[@])
—— p(xl) det_covl = torch.linalg.det{cov[1]})
( | ) ( ) # Mahalanobis distances for each point
. diff@ = data - mu(@] # shape (N,2)
p xl‘ Zk p Zk —_ k diffl = data - mu(1]
- rl exp_term®@ = torch.sum(diff® @ inv_cov® = diffe, dim=1) # (N,)
exp_terml = torch.sum{diffl @ inv_covl %= diffl, dim=1)

ERRNE!
Z Z Zk=1 p(xl |Zk)p(Zk) # G;ussian POF )‘a; each poinf und;r each cIust:er
i=1 /1 i=1 N

oy

coeff@ = 1.0 / (2 * math.pi = torch.sgrt(det_cov@))
coeffl = 1.0 / (2 * math.pi * torch.sart(det_covl))
pd = coeff® * torch.exp(-8.5 = exp_termd) # (N,)
pl = coeffl % torch.exp(=-8.5 = exp_terml) # (N,)
# Compute responsibilities (unnormalized weights)

weighted_p® = pile] = p@
— welighted_pl = pill] # pl
a3 = /1 N total = weighted_p® + weighted_pl
i=1 i=1 réd = weighted_p@ / total # (N,) responsibility for cluster @

rl = weighted_pl / total # (N,) responsibility for cluster 1
responsibilities = torch.stack{[r@, rl], dim=1} # shape (N, 2)

* Maximization Step: for fixed rk solve the maximum Iog-likelihood't'o obtain optimal parameters:

Mg r@d.sum{}

N1 rl.sumf{}

pi = torch.tenser{[N@ / N, N1 / N]}

mul(@] = {r@.unsqueeze(l) = data).sum(dim=@) / NO@
mu[1] (rl.unsqueeze(l) = data).sum({dim=@8) 7/ N1

. 1 :
e \ariances: O.Ig = N_an r_’{c(xn — ﬂk)z diffo = data - mul0]

1 k
[ ] . _— 1" # M-step: re-calculate m, y, X wsing the current responsibilities

diffl = data = mu[l]
cov[®] = (r@.unsqueeze(l) = diff@).T @ diffe / Ne
cov[1] = (rl.unsqueeze(l) * diffl).T @ diffl / N1

. 1
* Covariances: Zj = N an,ﬁ(xn — W) (X, — p,k)T
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Gaussian Mixture Models — EM algorithm Example %

DEMO



http://localhost:8888/lab?token=030bdee80fab3f4e7440d977120312a04bf5d8943c4b0f3c

&

Problems

Using existing function to estimate what you do not know that can best fit your observation

15

05 1 q
10
0.4 -
05
0.3 1
[ 0.0
0.2 \ -
\ .
\ / !
0.1 1 { \
"\ ; -1.0
_ N, N . -
T L T T T T _1 5 T T T T T T
-50 -25 00 25 50 75 100 -3 -2 -1 0 1 2 3 4
Three bumps but I just give you I just give you two different
two different gaussian gaussian.

All you know for modeling what you do not know is fixed. But how do
you know those fixed things is able to model the unknown thing?
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5

Problems

Using existing function to estimate what you do not know that can best fit your observation

R1 R2

an 4 S A S .4 —

06 -75% -50 -25% 00 25 50 15 100

v

R256X256

What you have is some low-dimensional data
But what you want to model is some high-dimensional data, how it could be?
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